TWO THEOREMS FOR (a, m) -CONVEX FUNCTIONS 
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Abstract. In this paper, we obtain some new inequalities for (a,m) —convex 
functions. The analysis used in the proofs is fairly elementary and based on 
Q • the use of Power-mean inequality. 



1. INTRODUCTION 
Throughout this paper, let WgW^ = sup te[a b] \g(t)\ . 

The following inequality is well known in the literature as the Hermite-Hadamard 
integral inequality: 



2 ) ~ b- a J a y ' ~ 2 

where / :ICt->Risa convex function on the interval I of real numbers and 
a, b £ / with a < b. 

In [2], Mihe§an introduced the class of (a, m) —convex functions as the following: 
The function / : [0, b] — >• R is said to be (a, m) —convex, where (a, m) £ [0, l] 2 , 
if for every x, y £ [0, b] and t £ [0, 1], we have 

f(tx + m(l - t)y) < t a f(x) + m(l - t Q )/(y). 

Note that for (a, m) £ {(0, 0) , (a, 0) , (1, 0) , (1, m) , (1, 1) , (a, 1)} one obtains the 
following classes of functions: increasing, a— starshaped, starshaped, m— convex, 
convex and a— convex. 

For some results concerning m— convex and (a,m) —convex functions see [3]-[7]- 
In pp, Tseng et al. used the following identities to prove their results: 

Lemma 1. Let f : 1° C M — > R be a differentiable mapping on 1° , a,b £ 1° with 
a < b and let g : [a, b] — > R. If /', g £ L[a, b], then , for all x £ [a, b], the following 
identity holds: 



(1.2) /(a) / 5 ( S )d S + f(b) / ff ( S )ds - / f(s)g(s)ds 



b r b 



g(s)ds 

Lemma 2. Under the assumptions of Lemma\^ we have the idedntity 
f(x) I g{s)ds- f f(s)g(s)ds= f S g (t)f'(t)dt 

•J a J a J a 

where 

J a 9(s)ds, t £ [a,x) 

sm = ; 

-ft 9{s)ds, t £ [x,b]. 



f'(t)dt. 
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Define 



S(t) = 



t — a, t £ [a, x) 

b-t, t e [x, 6] . 



Then \S g (t)\ < hW^Sit), te [a, b}. 

Theorem 1. Let / : 1° C R — > R 6e a differentiable mapping on 1°, a, b 6 7° wif/i 
a <b, f £ L[a, b], q > 1, is convex on [a, b] and g : [a, 6] — > R 6e a continuous 
mapping on [a,b]. Then, for all x £ [a, 6], we /iai;e t/ie inequality: 



(1.3) 



/(a) / <?( S )d S + /(h) / <?( S )d S - / 
< ||.g|' ^- fl ) 2 + ( & -^ 2 



(x — a) 2 (36 — x — 2a) + (6 — x) 3 . ,. . |<3 



6 (6 -a) 



f'(a)\ 



(x - af + (b- xf (2b + x - 3a) fl(h) ,g\ " 
6 (6 -a) 17 Ul J ' 

Corollary 1. Le£ 5 : [a,b] — > R symmetric to and a; = * n Theorem\7\ 

Then we have the inequality 



(1.4) 



/(a) + /(&) 



#(s)ds - / f(u)g(s)dt 



< llflllc 



(o-ar 



|/»| 9 + l/'(&)| 9 



which is the "weighted trapezoid" inequality. 

Theorem 2. Let i/ie assumptions of Theorem^ hold. Then, for all x € [a, b], we 
have the inequality: 

(1.5) 



< 



/(a) / 9(s)ds- / f{s)g(s)ds 



(x — a) 2 + (6 — x) 2 



(x - a) 2 (36 - a - 2x) + 2(b-xf 



6 (6 - a) 



i/»r 



2(x - a) + (6 - x) (6 + 2x - 3a) ij/^i? 
6 (6 — a) 
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Corollary 2. Let x = in Theorem^ Then we have the inequality 



(1.6) 



/ ( ^ ) / 9(s)ds - I f(s)g(s)ds 



a J a 



< \\g\\ 



(b-af 



|/'(a)| 9 + l/W 



which is the "weighted midpoint" inequality provided that \ f'\ is convex on [a,b] 



2. MAIN RESULTS 
Our main results are given in the following theorems. 



Theorem 3. Let f : I C [0, b*] — >• R be a differentiate mapping on L° such that 
f G L[a,b], a,b G 1° with a < b, b* > and let g : [a, b] — ¥ K be a continuous 
mapping on [a,b]. If \f'\ is (a, m) —convex on [a,b] for (a,m) G (0, l] 2 ,g > 1, 
then, for all x G [a, 6], we have the inequality: 



b 

/( a ) / g( u )du + f(b) I g(u)du- \ f[u)g(u)du 



< llsll 



(x — a) 2 + (6 — x) 2 



x {M\f'(a)\ q + m 



(x — a) 2 + (b — x) 2 



M 



r 



q 1 q 



where M = (b - a) ° +1[2a f 1 - a+ °^r a)1 + 2(b - a;r+2 ■ 
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Proof. Using Lemma [TJ property of modulus, Power-mean integral inequality and 
the (a, to) —convexity of \f'\ q , it follows that 



/(a) / g(u)du + f(b) / g(u)du- / f{u)g(u)du 



g{u)du 



!'{t)dt 



< 



< 



g(u)duf(t) 



g{u)du 



dt 



dt 

1-1 



g(u)du 



\f(t)\ q dt 



< Nl 
= Nl 

< Nl 



j \t-x\dt ^ f \t-x\\f{t)\' 

J a J a 



dt 



(x — a) + (b — xY 



(x — a) 2 + (b — x) 2 



\t-x\ 



, I b — t t — a , 

h ° + / 1 

o — a o — a 



dt 











X 


/ \t-A 




4) 




J a 







i/'wr+m 1 



6-f 

b — a 



r 



dt 



where 



6-i 
6 — a 



dt 



(b - a) a+1 [2x-b-a + a(x-a)]+2(b- x) a+2 
(a + l)(a + 2) (6 - a) a 



and 



It — £C| 1- 



b-t 

b — a 



dt 



{x - af + (b- xf (b - a) a+1 [2x - b - a + a{x - a)] + 2{b - x) 



Q + 2 



(a + !)(<* + 2) (b-a) a 



The proof is completed. 



□ 



Corollary 3. Let g : [a, b] — ► R symmetric to and x = m Theorem [3J 
T/ien we /lave i/ie inequality 



f(a) + f(b) 



g{u)du - I f(u)g(u)du 



< h\\ 



l 



(a + l)(a + 2) 
l/'(o)|*+r/' 



a2 a + l |J ,,^„ , _2 Q (a 2 + a + 2) -2 



2 a + l 
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Remark 1. In Corollary^ if we choose a = m = 1, we have the inequality in 



Remark 2. In Theorem^ if we choose a = m = 1, we have the inequality in 

Theorem 4. Let the assumptions of Theorem^ hold. Then, for all x £ [a, b], we 
have the inequality: 



f(x) / g(u)du- / f(u)g{u)d 



< (ML 



(x — a) 2 + (b — x)' 



x I A\f'{a)\ q + m 



(x — a) 2 + (b — x) 2 



A 



inhrrr A - (b-ar + 2 + (b-xr+ 1 l(a-x)(2+a)+a(b-x)} 

umereji— ( a +l)(a+2)(b-a) a 

Proof. Using the identities in Lemma [21 Power-mean integral inequality and the 
(a, to) —convexity of \f'\ q , it follows that 



< 



< 



< 



< 



f(x) / g{u)du- / f{u)g{u)d 

J a J a 

\S g (t)\\f'(t)\dt 
S(t)\f'(t)\dt 

S(t)dt 

(t-a) f 

S(t)dt 
(t-a) 



b — t t — a , 
a + b 



b — a b — a 

a-i 



dt+ / (b-t) 



r 



b — t t — a , 
: a + b 



b-t 



b — a 



\f'(a)\ q dt+ / (b-t) 



b-t\ a 
b — a 



\f'(a)\ q dt 



+ (t-a) mil 



b-t 

b — a 



r 



dt+ (b-t) mil 



b-t 
b — a 



where 
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(t-a) 



b-t 
b — a 



{b - a) a+2 + {b- x) a+1 [2a-b-x + a(a-x)} 



{b-t) mil 



dt 

b (b-t) a+1 
(b-a) a 

b-t 



(b-a) a (a + l)(a + 2) 

/, \Q + 2 



dt -- 
dt 



{b-a) a {a + 2Y 



(b- x y 



(b 



\a+2 



(b-a) a (a + 2) 



and 



(f - a) 1 



b — a 



dt 



rr> 



{x - a) z (b - a) a+2 + (b- x) a+1 [2a-b-x + a(a-x)} 



a+l 



(b-a) a (a + l)(a + 2) 



The proof is completed. 



□ 



Corollary 4. Let Theorem [^J Then we have the following inequality: 



f 



g(u)du 



f(u)g(u)du 



< 



(b-aY 



100 4 1 - 



"QCt + l 



2 Q + 1 



(a + l)(a + 2) 
\f(a)\ q + 



2 a [c 



3a 



2 a + 2 



f 



Remark 3. In Corollary^ if we choose a = m = 1, we have the inequality in 



Remark 4. In Theorem 



[^J if we choose a = m = 1, we have the inequality in 

Remark 5. In Theorems and Corollaries if we choose a — I we obtain 
inequalities for m— convex functions. 
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